Abstract. A Hausdorff topological space is called supercompact if there exists a subbase such that every cover consisting of this subbase has a subcover consisting of two elements. In this paper, we prove that every non-P-point in any continuous image of a supercompact space is the limit of a nontrivial sequence. We also prove that every non-P-point in a closed G δ -subspace of a supercompact space is a cluster point of a subset with cardinal number ≤ c. But we do not know whether this statement holds when replacing c by the countable cardinal number. As an application, we prove in ZFC that there exists a countable stratifiable space which has no supercompact compactification.
Introduction
In this paper, all spaces are assumed to be Hausdorff topological spaces. The notation of supercompactness was introduced by de Groot [6] . A space X is called supercompact if there exists a subbase S for X such that every cover of X consisting of elements of S has a subcover consisting of two elements. By the Alexander subbase lemma (we recently gave a simple proof for this lemma [12] ), every supercompact space is compact. All continuous images of linearly ordered compacta are supercompact [2] . But theČech-Stone compactification βω of the infinite countable discrete space ω is not supercompact (see [1] or Section 3 in the present paper). In a space X a point p is called a P-point if x ∈ ( C) − \ C for any countable family C of closed subsets of X; a point p is called a weak P-point if x / ∈ C − \C for any countable subset C of X. It is trivial that every P-point is a weak P-point. However, there exists a non-P-point weak P-point in βω\ω [8] . In 1994, the first author of this paper in [11] proved that in a continuous image of a closed G δ -subspace of a supercompact space every non-weak-P-point is the limit of a nontrivial sequence and answered some problems in [4] and [9] . In the present paper, we prove the following theorems: [5] imply that for any cardinal number κ there exists a compact Hausdorff space X such that X contains a non-P-point which is not a cluster point of any set in X with size at most κ. 1 
Proofs of the main theorems
Now we give proofs of the above theorems. At first, let us list some notation. Let S be a family of subsets in a topological space X. If the family {X\S : S ∈ S} is a subbase for X, then S is called a closed subbase for X. If every pair of elements of S has a nonempty intersection, then S is called linked. If every linked subfamily of S has a nonempty intersection, then S is called binary. Obviously, a space is supercompact if and only if it has a binary closed subbase. Furthermore, we can assume that this closed subbase is closed with respect to arbitrary intersection. The following lemma proved in [11] is necessary to prove our theorems.
Lemma 1. Let S be a closed subbase for a compact space X which is closed with arbitrary intersection, F a closed set and U an open set in X with
Proof of Theorem 1. Let X be a supercompact space with a binary closed subbase S which is closed with respect to arbitrary intersection and X ∈ S. Let f : X −→ Y be a continuous mapping from X onto Y . Suppose B is a countable family of closed sets of Y such that y ∈ ( B) − \ B.
− \ A because f is a closed mapping. By Lemma 1, for every A ∈ A, there exists a finite subfamily
Then F is a countable subfamily of S and p ∈ ( F ) − \ F . Now for every F ∈ F, the family {F } ∪ {S ∈ S : S ∩ F = ∅ and p ∈ S} is a linked subfamily of S and hence it has a nonempty intersection. Choose a point x F in this intersection and let C = {x F : F ∈ F}. Then C is a countable set of X and f −1 (y) ∩ C = ∅. In order to prove y is a cluster point of the countable set f (C), it remains to verify that p ∈ C − . In fact, if p / ∈ C − , then, by Lemma 1, there exists a finite subfamily S 0 of S such that
Because S 0 is a neighborhood of p and p ∈ ( F ) − \ F , there exists F ∈ F such that S 0 ∩ F = ∅. Hence there exists S ∈ S 0 such that F ∩ S = ∅. It follows from the definition of x F that x F ∈ S. This contradicts with (1). Thus we have proved that y is not a weak-P-point in Y . It follows from the theorem in [11] that y is the limit of a nontrivial sequence in Y .
Proof of Theorem 2. Let X be a supercompact space with a binary closed subbase S which is closed with respect to arbitrary intersection and X ∈ S. Let Y ⊂ X be a closed G δ -subspace of X. Then there exists a sequence
Since y is not a P-point in Y , there exists a countable family C of closed sets in Y (hence in X) such that y ∈ ( C) − \ C. Now for every n and C ∈ C, by Lemma 1, there exists a finite subfamily S(C, n) of S such that
Hence,
since S is closed with respect to arbitrary intersection. Furthermore,
Hence, similar to Theorem 1, we may choose x(C, f ) ∈ S(C, f ) satisfying that y is a cluster point of the set A of all x(C, f )'s. It is trivial that | A |≤ c. Thus we complete the proof of Theorem 2.
Remark 2. It is not difficult to extend our theorems from the countable cardinal number to any cardinal number.
An application
It is an important topic to give some classes of Tychonoff spaces having supercompact compactifications. All separable metrizable spaces have supercompact compactifications since all compact metrizable spaces are supercompact [3] . But it seem to be yet open whether all metrizable spaces have supercompact compactifications [7] . Van Mill [7] proved that if p ∈ βω\ω is a P-point in βω\ω, then the space ω ∪ {p} has no supercompact compactification. However, S. Shelah proved that the existence of a P-point in βω\ω is only a consistent result but not a theorem in ZFC (see [10] ). Thus van Mill's theorem cannot imply in ZFC that there exists a stratifiable space having no supercompact compactification. Applying Theorem 1 in the present paper we, however, can obtain many countable stratifiable spaces which have no supercompact compactification. In particular, the space ω ∪ {p} has no supercompact compactification for every p ∈ βω\ω.
The following simple lemma seems to be known: Proof. It suffices to verify the following fact: For any compactification γ(X∪{p}) of the space X∪{p} and the unique extension
A contradiction occurs. Proof. ω ∪ {p} is such a space for every p ∈ βω\ω.
